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Abstract 

Using renewal times and Girsanov’s transform, we prove that the speed of the excited 
random walk is infinitely differentiable with respect to the bias parameter in (0,1) for the 
dimension d ^ 2. At the critical point 0, using a special method, we also prove that the 
speed is differentiable and the derivative is positive for every dimension 2 ^ d ^ 3. However, 
this is not enough to imply that the speed is increasing in a neighborhood of 0. It still 
remains to prove the derivative is continuous at 0. Moreover, this paper gives some results of 
monotonicity for m —excited random walk when m is large enough or m = +oo. 


1 Introduction 

1.1 Excited random walk 

Excited random walk (ERW) was introduced in 2003 by I. Benjamini and D.B. Wilson [5]. After 
that, M. Zerner in 2005 studied a generalization called multi-excited random walk on integers. The 
more general version of ERW called excited random walk in random environment was considered 
in ra, ra. In this paper, we consider m —excited random walk (m—ERW) that we define as 
follows. 

Let us describe the model: an m— ERW with bias parameter (3 G [0,1] is a discrete time nearest 
neighbor random walk (Y n ) n ^ 0 on the lattice 7L d obeying the following rule: When the walk visits 
a site for the k- th time 

• if k > m, it jumps uniformly at random to one of the 2 d neighboring sites, 

• if k ^ m, it jumps with probability (1 + f3)/2d to the right, probability (1 — /3)/2d to the 
left, and probability l/(2d) to the other nearest neighbor sites. 

Let (ej : 1 ^ i ^ d) denote the canonical generators of the group Z d . From the description above 
of m— ERW, the law P m ^ of m —ERW which is the probability on the path space (Z d ) N , is defined 
by: 

• P mA Y 0 = 0) = 1, 
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• F m ,f)[Yn + i - Y n = ±ei\Y 0 , ■ ■ ■ , Y n ] = ± for 2 < i ^ d, 

• Denote by {Y n ^ k } the event that Y n has been visited exactly k times at time n, i.e. { Y n 

} := [ff{i ^ n :Yi = Y n } = k]. For fc = lwe also denote {Y n := {Y n Denote {Y e*,} 
and { Y n g} be respectively the compliment events of { Y n ^ k } and {Y n ^}. Let T n be the 
cr-algebra a(Y 0 , 1) ,..., Y n ) generated by the random walk up to time n. By the dehnition of 
m-ERW, we have 

(1) P mAYn +1 - In = ±e^ n , Y n $ k ] = • 

When m— 1 we recover excited random walk. Denote by P^,Pthe laws (resp. Eg,E 
the expectations) respectively of 1-ERW, m-ERW. Let N n be the numbers of visited points by the 
random walk Y at time n i.e the range of the random walk Y up to time n then N n = ly.^. 

When in = +oo we obtain simple random walk with bias /3 (SRW). Set R n {d) ■— . It has 

been proved that (see [25|, [18]), Poo^-a.s. the limit lim n ^ +00 ^f exists. It implies the existence of 
lim n ^y +00 Rn and denote this limit by R(/3). 

In 2007, J. Berard and A. Ramirez [6] proved a law of large numbers and a 1-dimensional result 
of central limit theorem for the 1-ERW with d ^ 2 and (3 > 0, namely: 

• (Law of large numbers). There exists v = v(j3, d), 0 < v < +oo such that a.s. 

lim n _1 Y n ■ e\ — v. 

n—> oo 

• (Central limit theorem). There exists a = cr(f3,d), 0 < a < +oo such that (n” 1 / 2 (Y| nf j • e\ — 
v\nt\),t ^ 0) converges in law as n —» +oo to a Brownian motion with variance cr 2 . 

In 2012, with the different approach, M. Menshikov, S. Popov, A. Ramirez and M. Vachkovskaia 
proved a law of large numbers and a d-dimentional result of central limit theorem for the excited 
random walk in random environment, see Theorem 1.2 of [20] . 

Before stating our result, we define some notions. Let Y = (Y n ) n ^ 0 be the 1-ERW. Let T\ is the 
hrst renewal time of 1-ERW (For more detail, see in the Section [21 Dehnition 12.II and Lemma l2.2p . 
Informally, a renewal time (in direction e±) is a maximum of the hrst component of the random 
walk (Y n ■ ei) n ^o which is also a minimum of the future of the hrst component of the random walk. 
A time n is a renewal time if 


sup Yi ■ e i < Y n ■ e v ^ inf Y % ■ e i. 

0 ^i<n 


So, the hrst renewal time T\ is dehned by 


Ti = inf {rt ^ 0 : sup Y % ■ e\ 

0 ^i<n 


< Y n ■ ei ^ inf Fj • ei}. 

n^i 


We also denote r := t x . Set D := inf{m ^ 0 : Y m ■ e\ < Y 0 ■ ei}. For 1-ERW, it has been proved in 
[6] that P p(D) > 0. Therefore, we can dehne the conditional probability Pg(-) = P / j(-|D). Let Eg 
be the expectation with respect to Pg. 

Our main result about regularity for the 1-ERW is the following: 

Theorem 1.1. For d ^ 2, let v n (/3) be the speed at time n i.e. v n (/3 ) = anc [ v((5) be the 

speed of 1-ERW. 
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The speed v(/3) is infinitely differentiable on (0,1) i.e. v(/3) G C°°(0,1) and 


Qpk(P) = ~dp£(P) f° r ever y e N, /3 > 0 . 

The derivative is expressed in function of renewal time: 


( 2 ) 

where 


dv 1 EpN r /3 Ep(N T V T )EpT -EpN T Ep{rV T ) 

— (p) = -h ^----- for p > 0 , 

9/3 d E 0 t d (E pr) 2 

n—1 

= x i+ 1 — x u v n = 


i=0 


1 + 0£i 


• For d = 2 or d ^ 4, i/ie speed is differentiable at (3 = 
such that 


lim 

p-> o 


v(P) 

p 


lim 

n—>oo 


9o n 

d/3 


0 , the derivative at 0 is positive, and 

(0), 


with 


lim ^ 7777 ( 0 ) = - lim AA ^ — i/?(0) > 0 for d ^ 4, and equals 0 for d — 2. 

>ho o C //3 d n ->00 n d 


• For d = 3 then 


lim sup 

/3-»o 


^0 

P 


^ lim 

n—>00 



1 

d 


R( 0 ). 


R. van der Hofstad and M. Holmes proved in (TO) that the speed of 1-ERW v is strictly increasing 
in (3 for d ^ 9 and is increasing in a neighborhood of 0 for d = 8 relying on the lace expansion 
technique. This technique is also used to prove the monotonicity for random walk in partially 
random environment (m = + 00 ), see [T3] , Using the same expansion technique, it is shown in [IT], 
Th. 2.3 that the speed is in an appropriate sense continuous in the drift parameter f3 if d ^ 6 and 
even differentiable if d ^ 8 . In our paper, we prove that the speed is infinitely differentiable on 
(0,1) for all d 2 using renewal times and Girsanov’s transform. We are also interested in the 
derivative at the critical point (3 = 0. When the derivative at 0 is positive and is continuous at 
0 then the velocity is monotonic in a neighborhood of 0. The existence of the derivative at 0 of 
the speed of a random process and the relation of that derivative with the diffusion constant of 
the equilibrium state play an important role in mathematical physics. This problem is known as 
“Einstein relation for random process”, (see for instance the work of N. Gantert, P. Mathieu and 
A. Piatnitski [9], see also i, HE HE HE- In 0. the authors used renewal times by ry ~~j 
and they used the Markov property of a random process to prove the existence of the derivative 
of the speed at 0. However, we have not yet known how to use this technique for 1-ERW when 
the Markov property disappears and the increments {Y[ Tri)T )} n ^ 0 are not independent anymore 
where {Y\ n , n + P )} — (W+i — Y n , 1 ^ i < p}. In our present work, we use a special method to prove 
the existence of the derivative at 0 for any dimension 2 ^ d 7 ^ 3. The the case d = 3 is still open. I 11 
addition, the question on the existence of the second derivative of the speed at 0 is also unknown, 
even the continuity of the derivative of the speed at 0 . 
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In Theorem 11.11 we have the formula of the derivative of the speed that is expressed in function 
of renewal time: 


— (B) - - + P_ - EpN T Ep(rV T ) for > Q 

<9/3 d' Epr + d' (E^r) 2 ° r 

We have 

g>) = hm i|h. 

dp y 0^0 d E pT 

Then, if we want to prove the continuity of the derivative at 0, it is equivalent to proving that: 


lim 

p->o 




lim P Ef,(N T V T )V - E pNrEpjrVr) 
0^° d (E^r) 2 


0 . 


For this reason, we want to estimate the renewal time r as a function of the bias /3. On the other 
hand, the speed at time n is that: v n (/3) = ^Eg ) . Using the Girsanov’s transform in Lemma 
13.71 and the notations in (fT3j) we obtain 


a (N n M n 

Vn{p) = - 7 E 0 - 

d \ n 


Take the derivative in (3, with remark that N n = ly^ does not depend on /3 we get: 


= 3* 


N n M n 

n 


+ § E ° 
a 


N, 


dMn 
■ 80 


n 


Moreover, 


dM n 


d 


d/3 dp 


n —1 


11(1 + P^d Yit) 


i=0 


\ ^ Yj£ 


n— 1 


II(i + P^P-y^) 


i =0 


= VnM n . 


Therefore, combining with Girsanov’s transform we get 




NnMn 

n 


+ ^Eo 
d 


NnVnMn 

n 


f N, 


= 3 E M — + 


d M V n 


Pi 


d 


Then, combining the second point of Theorem 11.11 for 2 ^ d 3 we obtain 


(3) lim sup 

/ 3—>0 

Since (JTJ) , 

(4) E^ 

(5) 


dv dv 

8? W ~ ^<°> 


= lim sup lim 

0^0 n ^°° 




dp 


dp 


= lim sup lim 

0—tO n ^°° 


N n V n 


n 


P T? 
d Eg 


N„V„ 

n 


£ihi<£ 

1 + pSi 


Tr = 


MYi 

1 +p 


F p(£i — 1 |FiiYi pi) — 


W p) 

1 -P 


F p{£i — — 1| p) 


P 0 (Yip)l + P F fj (Y i p)l-P 


1 + P 2d 


1 - p 2d 


= 0 . 
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£A 


i L Yit 


= E 


p 


This implies that 

^ Ep \l + P£ 

Moreover, for all i > j then 

(7) E« ( SilYii £jlYji 

K> P \l + pSi 1 + pSj 

Combining (J3D and (jBJ) we have 


E,: 


= E 


1 + f3£i 

S 3 l Yj 


Ti 


= 0, so E^K) = 0. 


P 


AYij 

1 + j3£j 1 + f3£i 


-E 


£d 


I Ti 


= 0 . 


lim sup 

/3 —>0 


dv dv 

W w ~ op {0) 


= lim sup lim ^ 

P->0 n—too d 


Covp(N n , 14) 


n 


r P V ar pN n VarpV n 

4 hm sup hm sup — \ /- ‘ ' 

P~>0 n —>oo d V 71 


n 


VarpV n 

n 


E/= 


En— 

i = 1 


— 1 Yrf 
z=0 1+pEi 


Er=o^ 


f N 2 

(,T+7£T 


— < 


n 


Therefore, if 


lim lim sup ( P 


2 VarpN n 


n 


n 


= 0 


(1 ~Pf 


n—>-oo 

then the derivative pjp{P) is continuous at 0. 

For m—ERW, we have some results about the monotonicity as follows: 


Theorem 1.2. Consider m-ERW, Y = (Y n ) n ^ 0 , let v(m, P) be the speed of m-ERW with bias p. 
Then, 

• The range R(P) of oo-ERW is monotonic in p e [0,1]. 


• For d 4 4, for every 0 < Po < Pi < 1, there exists an integer m o = m(Po,Pi) large enough 
such that v(m, P) is monotonic on [do, pi ] for every m 4 ’^o- 

In the second part of this theorem, when d d 8 we recover Theorem 1.2 of [23j. This result 
for d d 8 can also be obtained by minor modification of the proof of Theorem 2.3 of HU- Let us 
explain the organization of this paper. 

In Section 2 we present the renewal structure for random walks, we also recall some important 
properties of renewal times. 

In Section 3 we give the proof of Theorem 11.11 We use Girsanov’s transform with renewal time 
to prove that the speed of 1-ERW is infinitely differentiable for bias P positive. For the existence 
of the derivative at critical point 0, we use a special method for 1-ERW. 

In Section 4 we prove Theorem 11.21 Firstly, we introduce the coupling of m —ERW with 
stationary random walk with bias p. For the monotonicity of the range of simple random walk 
(oo-ERW) we see that a similar proof can apply for the case random walk in random environment 
on integer (i.e. in dimension d = 1). For the dimension d d 2 we have known yet how to prove 
this problem. Actually a lot is known about monotonicity of 1-dimensional multi-excited random 
walks (including RWRE). This includes monotonicity of running maxima, local times, velocity...(see 
ram ra. mi. the continuity of the speed was considered in [26]. [T]. For monotonicity of the 
speed of m-ERW when m large enough, we use the coupling method and a key Lemma presented 
in this section. 
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2 The renewal structure 


We define the renewal times for a random walk. Let {Y n } n ^o 


be a random walk on 7L d . 


Definition 2.1. We present the definition based on the definition given in [ 6 j and [20]. With the 
convention that inf {0} = oo and all random times in the Definition take the value on [0, +oo]. For 
every u > 0 let: 

T u = min{fc ^ 1 : Y k • e\ ^ u}. 


Define 

D = inf {rn ^ 0 : Y m ■ e\ < Y 0 ■ e±}. 

Furthermore, define two sequences of T )[—stopping times {S n : n ^ 0} and {D n : n ^ 0} as 
follows: We let S 0 — 0, Rq — Y 0 ■ e\ and D 0 = 0. Next, define by induction on k ^ 0 


Sk+i — Tn k+ i 

Dk+i = D o 6s k+1 + S k+1 

Rk+ i = sup{Fj • ei : 0 ^ i ^ D k+ 1 }, 

where 9 is the canonical shift on the space of trajectories. Let 

k = inf {rt ^ 0 : S n < oo, D n = oo}. 
We define the first renewal time as follows: 


T\ = S K . 


We then dehne by induction on n 1, the sequence of renewal times Ti, t 2 ,... as follows: 


Tn+l = Tn + D 0 r„+.)- 


Next, we dehne Df ] = Di and S t - 0) = Si and for every k ^ 1 two sequences D ( j k> and S ( j k> w.r.t. 
the trajectory (Y Tk+ ), of the same way that the sequences D t and S t are defined w.r.t. (Y.) For 
example, Sg 1 ^, = Y T1 ■ ei, = 0 and we dehne by induction on i ^ 0, 


Lh = D o e s m + 

i+1 

Ri+ 1 = «up{Y: • ei : 0 ^ i < dJ+J. 


For every k ^ 1 and j ^ 0 such that S'- ' < oo, we need to introduce the a-algebra G) of the 

events up to Sj^ as the smallest a—algebra containing all of the sets of the form {ti ^ n\) fl {r 2 ^ 
n 2 } D ...{rfc ^ n k } fl A, where ri\ < n 2 < ... < rtk are integers and A e s (o) oB ■ Let r 0 = 0 and 

be trivial. 

The signification of renewal times is given by the following lemma: 


Lemma 2.2. The first renewal time T\ is the first time when the random walk attains the hyperplane 
{y ■ e i = Y T1 ■ e±}, and after that it does not come back anymore behind this hyperplane, i.e. 


Ti = inf{n ^ 0 : sup Y* • e\ 

0 ^i<n 


< Y n • ei < inf Yj • ej. 

n^i 
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Proof. By the definition of two sequences S t and Di we have: So = D 0 = 0 < Si < D\ < S 2 < 
D 2 < .... Because Di, Si are integers, then lim i _ ) . 00 S'j = lim^oo D, = +00. Let 

t[ = inf{n ^ 0 : sup Yi ■ e 1 < Y n ■ e\ ^ inf Yi ■ ei}, 

0^i<n n^i 

we prove that T\ — t[. Firstly, it is clear that T\ G {n ^ 0 : sup 0 ^ i<n Y t ■ e\ < Y n ■ e± ^ inf n +j Y t - e\ } 
so t[ ^ T\. On the other hand, there exists an integer i Q such that Si 0 ^ r[ < 5* 0 +i. We prove 
that t\ = S io . In fact, if S io < t[ ^ D io then by the definition of r[, we have Y SiQ ■ e\ < Y d . q ■ e\, 
this is contrary to the fact that Y SiQ ■ e\ > Y d . q ■ e\. If D io < t[ < S io+ 1 , then R, 0 = sup{Yj • e\ : 
0 ^ ^ A 0 } < • ei and R l0 + 1 ^ Y r > ■ e\. Hence r[ e {k ^ 1 : Y*, ■ ei ^ A 0 + 1} and by the 

definition of the sequence {S'*}, it implies that S io+ 1 ^ r|. This contradicts the supposition that 
D io < t[ < 5*0+1. So, it remains only r[ = 5* 0 . By the definition of r[ we obtain D o 0 SlQ = 00 , then 
D io = 00. This implies that io ^ n = inf{n ^ 0 : S n < 00, D n = 00}, and T\ = S K ^ 5j 0 = r[. □ 

On the existence of renewal times and the existence of the moments of all orders for 1-ERW, 
we have the following key lemma proved in [ 6 ], | 20 j : 

Lemma 2.3. Consider a 1-ERW with bias (3, let ( 77 ., k ^ 1) be the associated renewal times. Then, 
there exists C, a > 0 depending on (3 and such that for every n ^ 1, 

sup P/^Tfc+i - r k > n\g { 0 k) ] ^ Ce~ na a.s. 

k^O 

In particular, for every k ^ 0 and p ^ 1, then Tk < 00 , a.s. and E^t^+i — Tfc) p ] < 00. 

The lemma above gives an estimation of renewal times for every parameter (3 fixed. We know 
that, when (3 = 0, there does not exist the renewal times. We would like to estimate the renewal 
times when (3 converges to 0. But this is an interesting and difficult question. The method 
using renewal times is used in many models to prove the law of large numbers and to prove 
the Einstein’s relation. This problem in mathematical physic that is studied the first time by 
the greatest physician Albert Einstein, see [ 8 ]. Recently this problem appears in the works of 
mathematicians, for example in 0 . 0 ... Einstein’s relation means to study the relation between 
the diffusion constant at the equilibrium state and the derivative of the speed of stochastic process 
at the critical point w.r.t. the balanced state. 

A property very important of renewal times is that, they cut a trajectory of the random walk 
into the independent increments as the following lemma (see [ 6 j and 03): 

Lemma 2.4. Under the probability the random variables (X Tfc+1 — X Tk , r^+i — 1 an d 

(X n , Ti) are independent and (. X Tk+1 — X Tk , r fc+1 — r k )k^i have the same law of (X n , Ti) under the 
probability conditionally on D = 00 , write Pg(-) = P/ 3 (-1Z4 = 00 ). 

From Lemmas 12.31 et [2741 and with the notation r = T\, we have P^fr ^ n] < Ce~ na . Note that 
Lemma [2.41 is not anymore true for the model of generalized excited random walk (see [20]), and 
also for the case the definition of renewal times is modified as in m, 0 - We want to estimate 
the moments of r as a function of (3 by the question that there exists an integer k such that 
sup 3e( - 01 ] (3 k KpT < 00, or a better estimation sup^g^j /3 2 fc E^r 2 < 00? We are interested in the 
case k = 2, and we would like to find a definition of renewal times to obtain the estimation of k = 2 . 
With the definition 12.11 it is difficult to estimate r. It is useful to change a little the definition of 
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r. For example, in [9] the random walk is allowed to come back behind the hyperplane (in Lamma 
12.2j) of a distant A = this means that we redefine 

D = inf{m ^ 0 : Y m ■ e\ < Y 0 ■ e\ — A}. 


With this change, for Markov process, Le mm a 12.41 is still true, but for 1-ERW and non-Markovian 
process, it is not anymore true. This is a difficulty when we want to study non-Markovian process 
by using renewal times. 


3 Proof of Theorem 11.11 

We repeat some necessary notations . 

• (Xn)n&z are the cordinate maps on 7L d and is the law of 1-ERW. The speed is v = v((3), 

• {r n } is the sequence of renewal times, 

• X n Y n • 61, Z n ( Y n • &2i Y n • 6 3, ..., Y n • ed), £n A )i ■ 1 Af n , 

• £ n = £ n - E p£ n , £' n = £ n - v , V n = 


The speed at the time n, the speed of 1-ERW and the derivative of the speed at the time n 
respectivly are 


v n (i8) = E p ) , v(/3) = ^P Xt and 
V n J E pr 


dv n = E / g(W n R n 
d/3 n 


• = EU Si, K = E;=o S'j, a = E pT . 

3.1 The existence of the derivative of the speed for (3 > 0 

Remark 3.1. Using renewal times, we have that 

XA _ e^X, _ %{x T - E T jZl RpSj) 


lim v n ((3) = v((3), 0 = lim E^ 


n 


E 0T 


E pT 


m , , X' R 0 X' E b(X t -vt) 

P« — a.s. then lim — = —Z -= ---= 0. 

n^oo n E pT E pT 


We deduce from these equalities that R 0 X T = 0 and RpX T = E.g[^J =( j (E.gdy)] 

3.1.1 The existence of the limits of the derivatives at finite times 

To prove the point 1 of Theorem 11.11 we need the following lemmas: 

Lemma 3.2. 

E/3 (maxo^n |X'| 2 ) 


( 8 ) 


sup 

nS 1 


n 


:= Ci(/3) < +oo 


E/3 (maxo^ n |Ab| 2 ) 

sup- := 69 i/3) < Too 

n>i n 


(9) 


n 



















Proof. Firstly, we prove that 

E/3 (maxp^ng] |X'| 2 ) _ 


sup 

n> 1 


n 


:= C[(/3) < 4 ~oo where a = Egr. 


Let S'' = Xf, then 


n— 1 


ma X X ' 2 A max S'- 2 + (r n - [na ]) 2 + ^(r i+1 - Tj) 2 . 

0^2^ Inal 0^^ [naj ' 

3=0 


Because that max 0 ^[ na ] A ' 2 attains max at i 0 then either i Q e [r n , [na]] or there exists j 0 such 
that io G [TjoXjo+i)- Since 

(r n — [na]) 2 = \(r n — na + na — [na ])] 2 ^ 2 [(r n — na ) 2 + 1 ], 

we get 


0<i<[raa] 


Eg ' max |X '| 2 ) < max S '' 2 + 2Eg(r 2 ) + 2(n — l)Eg(r — a ) 2 + (n — l)Eg(r 2 ) + 2. 


0 <i<n 


Note that {S''} is the martingale then 


Eg (max Sf) < 4Eg ( ) = 4Eg(X; z ) + 4(n - l)Eg(X} z ) < 4Eg(r 2 ) + 4(n - l)Eg(r 2 ). 


~,l 2 


rt 2 \ 


-/2\ 


Therefore, 


sup 


Eg (maxo^[ 

na] IVI 2 ) 


^ sup 


4n + 2 - 2 2n — 2 - . 2 2 . 

-Eg(T ) 4-Eg(T — a) 4— ) < 4-oo. 


We now consider the sequence of integers {p n } such that \p n a] ^ n < [(p n 4- l)a] then n/p n —> a. 
We deduce that 


sup 

n> 1 


Eg (max 0 ^ n |X'| 2 ) Eg (max 0 ^ <[{Pn+ i )a ] |X'| 2 ) ( Pn + 1 ) 


n 


< sup 

n3s 1 


It is similar to prove that 


sup 

n> 1 


E /5 max 0 ^ n A, 


n 


(Pn + 1) 


— ^(/S) < 4-oo; 


x 


^ OO. 


n 


Eg (maxo^n IS 2 ) . . 

sup —-—-= C 3 (p) < 4-oo. 

n>i n 


□ 


Lemma 3.3. 

( 10 ) 

( 11 ) 


sup 

n,p^l 


Eg (maxog^p ( X' Tn+i - X}J 2 ) 


P 


sup sup 

1 0<p^[n/a] 


= C 4 (/3) < 4 -oo 

% (max<K«p (V„ - X^_ f ) 2 ) 


P 


— Cs(/3) < 4-oo. 


We have similarly the result for the sequences {X n } and {V n }. 
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Proof. From Lemma 13.21 we get 


Eg (max 0 ^ n X' 2 ) Ep (m&x 0 ^ n X' 2 1 D=0 ) 

sup- t sup-——-r- 

1 n n/i n¥(D = 0) 

1 Eg (maxo^n X' 2 ) 

T —:-- Slip -- < TOO. 

P 


Therefore 


sup 

n,p^l 


P (D = 0) 
E s (max 0< « p (W„ +j -Wj 2 ) 


n 


= sup sup 

n^l p^l 


E/3 (maxo^p (X-) 2 ) 


n 


To prove (TTTT) . we consider 


sup 

0<p^[ri/a] 


e /3 nmxo^jH (X' Tn - X' Tn _f)' 


P 


For 0 < p ^ [n/a] then [pa] ^ pa ^ ( n/a).a = n. Set S' t = X' Tn — X' Tn _. so that 


p -1 


max (X' - X' ) 2 < max S' 2 + ^(r n _^ - r n _j_i) 2 + (r n - r n _ p - [pa]) 5 

0^2^ [pal U^^p *— 

3=0 


We deduce from the inequality above that 


Ei- 


max (x' T -x' T _ t y 

o<iss[H v Tn Tn 
p -1 


< e /3 E p(T n -j - T n -j- 1) 2 + E,(- 


7"n ^ ~n—p 


M) s 


< 4E^(iS; 2 ) + pEp(r 2 ) + 2pE ) g[(r - a) 2 ] + 2 
^ 4pEp(X' T 2 ) + pEp(r 2 ) + 2pEp[(r - a) 2 ] + 2. 


j=o 
.2 


Therefore, 

E fl (niax 0 .<: ) ;^ ba] (X' Tn - Xmf) / N 

sup--- := C(/3) < oo. 

p> i P 

Let p ^ [n/a] and 0 ^ i ^ p, there exists a sequence {p n } such that \p n a] < p ^ [(p n + l)a]. 
Because that a ^ 1 and [p ^ [^] ^ [[^]a] ^ Ta = n then [(p n + l)a] ^ [[“]«] ^ a. So, we have 


E /3 (maxoq^^+ija] {X' Tn - X' Tn _ % ) 2 ) 

sup---— 

P3U p 

E/3 (maxo^ [( p n+ i)a] {X' Tn - X' Tn _f) 2 ) Pn + 1 

^ sup---—.- 

P>1 Pn + 1 p 

^ < C'C) < Too. 

ap 

□ 
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Lemma 3.4. lim,, w+0O ±E 0 (X' T V Tn ) - ^p{X[ na ^ [na] ) = 0. 

Proof. Using the inequality |(a + 5)(b + 5) — ab | ^ |a<5| + |M| + |h 2 |, we have that 



There exist two finite constants C(/3),C'(j3) depending only on (3 such that 
. For all n > 1 then l v Ep{V 2 n ) = \Ep(V?) + 

• For all n > 1 then lE(. X ' Tn 2 ) = ^(X; 2 ) + ^^(X; 2 ) < C'(/3). 

We need prove that 



In fact, we have that 



X 1 

< -E/3 [ijn - [na]) 2 l\ Tn -[ na ]\^en\ + 

— L\ + L 2- 




Here, Li, L 2 are respectively the first and the second terms of the site on the right hand. Estimate 
two terms to get 

2 

L\ ~E/J [[(Uj Ufl) T 1] l|r n —[na]|^£n] 

^ \ —yE / j[(T n - na) 4 ].P (| r n - [na]\ ^ en) + -P (|r n - [na]| ^ en). 

V n- n 

Because sup n ^ 1 -4E / j[(r n — na) 4 ] < +oo and lim n _> +00 P (|r n — [na]\ ^ en) = 0 then lim n _> +00 Li = 
0. On the other hand 

Ep [max 0 ^t^ £n (X' n - X^.J 2 + max 0<i<£n (X; n+i - X' T J 2 ] 

L 2 U £. - 

en 


11 




^C 4 (0). 


For all a > 0 choose £ = so that L 2 E a. 
Then we get 


lim sup —E/j 

n—>•+oo ^ 


Tn~ 1 


2n 


E 3 


K ]={na\ 


E cr for all a > 0 . 


Therefore 


lim — E /3 

n—>+oo 77, 


Tn —1 

E f i 


2-1 


k j=[naj 


= 0. 


It is similar to prove that 


lim — Efl 

n—>+oo n 


Tn — 1 

E 

ii=M 


2n 


£AYjt 
1 + f3£j 


= 0. 


This finishes the proof of Lemma. 

Corollary 3.5. 


□ 


lim E 

n—>•+oo 


p 


X[ na \ V[na] 


n 


lim E^ 

n—>•+oo 


KVr n 

n 


= Ep(X' T V T 


We now prove the existence of the limit yy((5). Let {p n } be the sequence such that \p n a] E 
n E [(p n + l)a] then lim„_ H _ 0O y- = a. So, we have 


E, 


*[p n „]W 


n 


n 


E 


(' n-\p n a \) 2 |n — [p n a] | 


+ 


n 


n 


[ Xf,\X' n \ + 


In. - [p„a] | 


n 


E-h O.E/3 

n 


X' 

+ a.E^ 

14 

n 


71 


77, 


.E /3 |W 


When n goes to infinitely then — and — go to 0. So that 


Vn 

n 


lim E« 

H-OO \ 71 


KVn ^ = lim E S ( EEEl'l = lim E, \ Pn 


n—>•+ oo 


n 


n—>-+oo 




Pn 


77, 


= E (X'K).- = 

^ a E^r E^t 


Therefore, 


(12) lim *£(« = lim E S = lim E, 3 (WM = gfelLLl 

n—»+oo <9p n—»+oo \ 71 J n-M-oo \ 71 J EpT 
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3.1.2 Girsanov transform 


In this section we prove the smoothness of the speed using the Girsanov’s transform. Firstly, 
we need a lemma as follows: 

Lemma 3.6. For all c G (0,1] then 

sup P t (r > n) < C"e n '“, 

te[c,i] 

sup P t (D = oo) ^ ip > 0, 

te[c,i] 

sup P t (r >n)^ Ce n ~ a . 

te[c,i] 

Where C, C, <p, a are positive constants depending only on c. 

Proof. To prove this lemma, repeating the proof of Proposition 2.1 and Proposition 4.3 of m- 
Note that for 1-ERW with the law P*, t ^ c, we can choose the constants A, h, r as in m to 
consider 1-ERW as a generalized excited random walk such that these parameters depend only on 
c. For more details on the conditions in [20j, the condition B, we choose K — 1. For the condition 
C + , choose l — ei, 

^ , _ . _ . 1 + t 1 — t t c 

E t (F n+1 - Y n \F n ) ■ ei > — — = - d >~ d - 

Then, choose A = For the condition E, let = {x G : ||:r|| = 1}. Let l' G S' 
l' = (xi,X 2 ,...,Xd) with x \ = 1- There exist to G {1,2 ,...,d} such that \xi 0 \ = max* \x : 
Hence 

1 

b io 1 ^ 


then 


dxf ^ 1 <ty \xj n \ A —=. 


*0 


y/d 


Consider the function signum: 


+1 

if x > 0 

0 

if x — 0 

-1 

if x < 0 


Choose r = then sgn(xi 0 )ei 0 ■ l 1 ^ |xj 0 | > r. Therefore, on {E f (W+i — Y n \Fn) = 0} we get 


P t [(y n+ i - Y n ) ■ l' > r|J^ ri ] > P t (y n+ i - Y n = sgn(xi 0 )ei 0 \J-' n ) > —. 


Moreover, 


Pt[(W+i - Y n ) • ei > r\T n ] ^ Pt[W+i - Y n = e x | .F n ] = ^ 


2d 


Then choose h — A. All of parameters K, X,r,h depend only on c. 
Let /3 0 ,/3 G (0,1] we have: 

Lemma 3.7. 


dP 


n— 1 


P I 


dP 0 
dP/j , 




dP 


A) 




JJ(1 + j38il Yi <jf) 

1 + PSfi Y& 
1 + /^oi’jly^ 


»=o 

71—1 

n 

i=0 


□ 
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We denote 


n —1 


n— 1 


(13) 


M„(l 3) := n<! + Wlr,*) and M„(ft A,) := Jf 


1 + /3£i]-Yig 

Hj Vl + fioSAy^ 


2=0 2=0 
To prove the existence of the speed we need the following lemma 
Lemma 3.8. Consider a a—algebra that is defined by 

T r = {A G T : Vra, 3£? n G .F n such that A D {r = n} = £> n D {r = n}}. 
i/ien r is T r —measurable, (D = oo) G and 


(14) 


dPf 


dP 


Lf, 


A) 


= Mfifi.fi 0 ) 


P / g(L> = oo) 
P 0 (L> = oo) 


Proof. We see that (r — n) — Q D (r — n) and G X n for all n then by definition of T r we 
have (r = n) G T r . it means that r is T r — measurable. It is clear that (D = oo) = (D A r) so 
that (D = oo) fl (t = n) = (D A n) D (r = n). Because that (D ^ n) G .F n then we deduce 
(D = oo) G T t . Now we prove HU for all A E T r then 


p /K^) = X P ^’ r = n ) = X p ( jBn ’ r = n ) = X X p ^ n ’ r = n ) 

n=1 n=l n=l uj n ^B n 

+00 +00 
= X X 1 ^,r=nM n (/3)(a; n )P / 3(L> = oo) = X X l u n ,r= n Mfifi)(uj)FfiD 


TL —1 UJn B’ 
+oo 


= OO) 


Fp 0 ( D = °°) 


72—1 UJnCiBn 

+oo 


E 

72=1 


/9o 

M r (/3,/3 0 )dP^ 0 ; p ^ =OO) N = °° ] 


Bn,T=n 


FpfiD = oo) 


= oo) 


So, we get 


and 


<iP W = M r (/W = °°> 


dP 


A> 


P/3o ( D = 00 ) 


dP 


— I T t ~ Mfifi , /3 0 ). 


A direct consequence is that 


E 0o [Mfifi.fi o )\ = 1 and E ^[Mfifi, fi 0 )\ = ^ 


FpfiD = oo) 

Using the Girsanov’s transform, we get the formula of the speed: 

FpX r _ E 0o [X T Mfifi.fi o )} 


v(fi) = 


EpT Ep 0 [rM T (fi,fio)} 
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On the other hand, 
d 


d 


(15) ^[*,(AA)] = 


TT ( 1 + PSjly^ 

V 1 + PoZdYit 


T— 1 

E 

i =0 


Sih'it 


1 + PSp-y^ 


M T (P,P 0 ). 


Set K = E[=o then 


P 

J 

Po 

Therefore, 


d 


M T (t,Po)V T (t)dt= / —M r (t, /3 0 )dt — M T (/3,f3 0 ) ~ M t (/ 3 0 , f3 0 ) — M T ((3,(3 0 ) — 1. 


dt 


Po 


v(P) = 


E 


Ad 


X r (l + ^ o M T (t,f3 0 )V T (t)dt 


E 


Po 


r (1 + M T (t, p 0 )V T (t)dt 


To prove the existence of the derivative, we apply the Fubini’s theorem as follows: 
Theorem 3.9 (Fubini’s theorem). Let fi, v be the a—finite mesures. If either 

Ja ( Ib I f(x,y)W(dy)) fi(dx) < +cx) or f B (f A \f(x,y)\ji(dx)) v(dy) < +oo 
then f AxB \f(x,y)\(fj, x u)(dxdy) < +oo and 

Saxb f (*01/)(l X v)(dxdy) = f A (f B f(x, y)v{dy)) n(dx) = J B {J A f(x,y)fi{dx))v{dy). 
To apply the Fubini’s theorem, let P G (Po — 5, {3 0 + 5) C (0,1) we observe that 


(E 0o \X T V T M T \)dt f / E* . r 2 M, 


Po 


€ 


Po 


1 -t 


dt 


1 — Po ~ $ 


E t (T 2 )}dt < +oo. 


Po 


The last inequality above is implied since sup te ^ o _ S/3o+5 ^ F t (r > n) ^ Ce then 

sup E t {r 2 ) < Too. 

te{Po—S,Po+8) 

It remains to prove that E p 0 (X T V T M T ) is continuous in P, this is true if let an interval J = (a, b ) C 
(0,1) we have that {(X T V T M T )} is uniformly integrable. Let ff G J, observe that 

• \X t V t M t \ T Ct 2 M t for C = \, 

• lim 0 ^ Pi (t 2 M t )(P) = t 2 M t (Pi), 

• lim / 3_ >/ g 1 K/3 0 [(t 2 M t )(P)\ = E /?0 [(r 2 ilL r )(/3i)]. 
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The last equality is implied from the fact that 


E s „[(T 2 Air r )(/?)] = E„ 0 


( r 2 V T M T )(t)dt 


Ls i 


+ E A [(r 2 M T )(A)] 


and 


E 


'Ad 


(■ r 2 V T M T )(t)dt 


LAl 


A A 

= [ Eft, [(rV T M T )(t)] dt ^ C I E* [(r 3 M T )(t)] dt 


Ai 


Ai 


= C E t(r 3 )dt ^ C supE t (r 3 )(/3 — /fi) —>• 0 as f3 —> /3i, supE t (r 3 ) < oo since Lemma [3761 
J j j 

Ai 


From the observation above we imply that (r 2 M r } /3e j(/3) and also {X T V T M T } p £ j(P) is uniformly 
integrable then E p 0 [(X T V T M T )(P)] is continuous. □ 

We rewrite the formula of the speed: 


E Ao 

X T (l + fp o M T (t, po)V T (t)dtj 

Ea 0 X t + [E a (X T M T (t, Po)V T (t)dt)] 

Eaq 

r(l + fp 0 M r (t, Po)V T (t)dt) 

E Ao r + ( E Ao (rM T (t, p 0 )V T (t)dt)\ 


Set hi := E Po X T + fH o [Ep 0 (X T M T (t,/3o)V T (t)dt)} and B := E [Eft, {rM T (t, p 0 )V T {t)dt)} 

Taking the derivative we obtain: 


dv , = E/3 0 (XrMrifrMVrmB-Eh (r M t ((3 , Po)V T m A 
d/3 [P) B 2 


As p = p 0 , 



E/3 0 (X t V t (Pq)) E p 0 T - Eft, (tV t (P q)) Ep 0 X r 
( e AcT) 2 


Therefore, for all P G (0,1) we have 


dv E^ (X T V T ) E g r - E^ (rV T ) EpX T _ E^ [(X T - vr)V T ] E^r 

1 j dr } ~ (V ) 2 “ (V) 

From IT2l and fl6l we get that 


l- dv n _ dv _ Eg [(X T - ur)K] EffT 

n—>+oo 9/3 <9/T PJ (E^r) 

We have proved the differentiability of order 1 of the speed v n (P) and v(P). To prove the infinite 
differentiability of the speed we need the following lemma: 
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Lemma 3.10. Let I = (a,b) be an open interval ofR, (12, T, P) be a probability space and H(x,co) 
be a mapping 


H : I xQ^R 

(. x , co) n- H(x, ca) 

such that for every x G I, H(x,co) is a random variable, and for every co G 12, H(x,co) is a smooth 
function on I. Moreover, suppose that for every n ^ 0 


supE 

x£l 


d n H 


dx r 


X, U!) 


< +oo. 


Then R[H(x,co)] is a smooth function and for every k p 1 


3 k 

dx k 


[E (H(x,u))] = E 


d k H 


dx k 


x, co) 


This lemma can be proved by the induction in k and using Fubini’s Theorem. 

From (fl5]h 

On+l an n pjk an—k 

(u) 35il = w tyMM T (p,fh)] = [MAP,Ml 

k =0 


(18) 


We have, for all k T 0 

Qk 


sup 

Pei 


dp 


\VrW\ 


= sup 
Pei 


T—l 




i= 0 


(£jl Yi$) 


k +1 


(1 + f}£dr,i) t+1 


< 


k\r 


(l-A)-i)* +1 ' 


(19) 


We will prove by induction in n that 

d 


dp 


[M T (P/3 0 )\ 


< ^ c kn T k M T (/3,/3 0 ) 
fc=o 


where Cfc n are non-negative constants depending only on n, (3 0 , S. For n = 0, it is true with c 0 o = 1. 
Suppose that it is true up to n ^ 0. For n + 1 then by induction supposition combining (TT71) . (HU 
then 


n j . n—k n+1 

^ S g " (! _ a - flU+1 C i,n-kT l M T (P , /3 0 ) = ^ c i,n +1 T l M T (P, /3 0 ) 

k= 0 7 7 i=0 i=0 

where C( i+ i) (ri+ i) = ELo (T z rfV+ r , l Ci ’ n_fc for * = 1 to ™ and c o,n+i = 0. This proved (USD- 
On / = (/3 0 — <5, /3 0 + 5) then 


sup E ft 

Pei 


d r 


dp 


-[x t m t (pp o)] 


= sup E^ 0 

del 


Qn+1 


dpn+l 


[MMP o)] 


Since |A" r | ^ r then 


( 20 ) 


sup Es, 
mi 


g^{X T M T (P,M} 


n 

< SnpV Cfc^Eg [r fc+1 l < Too. 
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The last inequality is implied by supw^^^+o P 4 (r > n) ^ Ce n “ then 

sup E t (r n ) < +oo for all n ^ 1. 
t£(Po—S,Po+S) 


Combining (T20l) with Lemma 13.101 we get the smoothness of Ky 0 [X T M T (/3, /?o)] and similarly for 
E p 0 [tM t (i 3, j3 0 )]. This implies the smoothness of the speed v(/3). Lemma f3. 101 implies similarly 
the smoothness of v n (/3). We have proved that for k = 1 and (3 > 0, there exists the limit 
lim^+oo ^fr{/3) such that 


lim 

n—>+oo 



d k v 

df3 k 


iP)- 


For k> 1, it is very complicated for computation so we leave it for reader. If we write the speed 
in the form v(/3) = f 1 , we can get the formula (J2J) of the derivative. We proved the first point 
of Theorem 11.11 


3.2 The existence of the derivative at the critical point 0 

Denote the event {Y n {W-i, W- 2 ,..., W-fc}} by {Y n ^ k } with the convention that if n ^ k 
then two events { Y n {W-i, W- 2 , ...,Y n _ k }} and {Y n agree. Set N := 1 Yo ^k + 1 Yi ^k + ... + 
1 Y _ i ^k. We need the following lemma: 

Lemma 3.11. There exists a non negative constant N^ k \/3) such that P^ — a.s. 

ju( k ) 

lim -EL_ = iV (fc) (/3). 

n—>-oo XI 

Proof. The above result is easy to verify by considering two following cases: 

If f3 > 0 then there exists a sequence of renewal times {r n } and the sequence {— Nr^-i} is 
independent. It is similar as the law of large number for — we also have 

jui k ) 

lim -EL- = N {k \(3). 

IHOO 11 


If [3 = 0 then ((Z“) , #,P 0 ) is a system ergodic where Y n o 6 = Y n+ 1 — Y\. For n ^ k then 


{Y n ^ K } = [Y k o 9 n k ^ k }, therefore 




E k—1 -| - 'r^n— 

j= 0 ' Z-/i=i 

inn -= nm —-- 

n^-oo xi n—>■ oo XI 


n—k—1 -| 

0 L Y k o6 i <£ k 


sr^n—k—1 . 

= lim Sfc0 W .!U^ = Po(n *). 
n-Kx> n — K n 


□ 


Observe that when k increases then l y ^it decreases and lim^oo 1 Y ^k = ly„£. Set N n = 
1 y 0 £ + ly^ + ••• + 1 y n _!^ then P^—a.s. we have N(/3) := lim^;*, Ea. We will prove a result as 
follows: 

Lemma 3.12. When k tend to infinity, N^ k \/3) decreases to N(f3) and uniformly for d ^ 4. 
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Proof. Indeed, we have 

|P 0 {Y n £ k ) - P p (Y n £)| = P p[{Y n f) n [(Y n = F n _ fc _!) U (Y n = Y n _ k _ 2 )... U (Y n = Y 0 )]] 

n—k—1 n—k—1 

^ IP p{Y n = Yj ) ^ P p(Z n = Zj ) = P(Z fc+ i = 0) + P(Zfc + 2 = 0) + ... + P (Z n = 0) 

3=0 3=0 

OO 

( 21 ) < J2 p < z y = «)■ 

j=k+l 


From the sequences (Z k ) k£Z , (rj k ) keZ , (£ k ) ke z, (Cfc)feez, we can construct the ERW (Y n ) n> 0 just as 
in the first construction. We also define the sequence (Z k ) kez as the sequence of ’’moves” of Z. 
More precisely, (Z k ) k£Z is the unique sequence such that: 


( 22 ) 


Vn ^ 0, Z n 


Z Y r Yo^-rii) lfn ^°i 
-m) 


Vk '■= 1 z k =z k+1 Set rji = lz i= z i+1 and U = V *■ We define {Z k ) keZ as the sequence of ’’moves” 

of Z, see (122]) . Using [25], page 75, we obtain P(Zj = 0) ~ We have 


n \ n ~^ / r ] -i \ k 

p(z„ = °) = E p & = °)- c r‘ (5) (E - ) 

n 

2d /1 \ n ~ k / rl _ 1 \ n /1 \ 

= E p O= = 0)'C-‘ ( 5 ) (-=-) + E p (^ = °)- c r‘ ( 5 ) 

k —0 k —-q-t 1 


fd- 1 
V d 


k 


We estimate the first term: 


J>(Z t = 0).C, 


k=0 


= P 


n—k 

n ' d 


n—k 


d — 1 


k 2d 

k=0 


n—k 

n ' d 


n—k 


d — 1 


^ 2d 


n 


y/n 
’ 2d 


1 ^ 

e 2 gU converging to 0 when n —> 00. 


\/2^ 


On the other hand 


V P(z t = o).c; 




n—k 

n ' d 


n—k 


d- 1 
d 


^ _<*=! 
~ C.n 2 


since 


and 


< 


E c . 


n—k 

n ' d 


-t \ n —k / , \ fc 

1 \ / d — 1 


^ 1 


d-i „ n 


P(Zfc = 0) ~ C".n 2 for — ^ ^ n. 

ZjUj 
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From (12B we get, 


OO 


Y1 f 

j=k+1 


d—1 

2 


It implies 


E r 


n: 


(k)' 


- E r 


n 


N n 


n 


n—1 


< 


n 


£ i k ) - V $ (Yi £)\ 


2=0 

OO 


£ 3 

j=k+l 


d-1 

2 


Let n converge to infinity then \N k (f3) — N(/3)\ ^ CY^jLk+13 2 If d ^ 4 then N k converges 

uniformly to N in /3. □ 


Now, we return to the proof of the point 2 of Theorem 11.11 By pp- = N(/3), to prove the 
existence of the derivative at 0 we need to prove that N(/3) is continuous at 0. It is known that N k 
converges uniformly to N in /3 for d ^ 4, then there is just one thing left is to show that N k (/3 ) is 
continuous at 0. Indeed, 


En 


C En 


l Yni k 


l Y n £ k 


\Vp(Y n t k )-V 0 (Y n f)\ 

n—1 

na+w 

3=0 
n—k 

nd+w 

3=0 

n—k 

< [(l + /3) fc " 1 - 1]E, 


— En 


n—1 


l Y n $ k 


n—k 

na+w 

3=0 


j=n-k -\-1 




nd+w 

J=0 


= [(1 + Pf- 1 - l]P 0 (^n f) 


^ [(1 + P ) 1 ~ !]• 


Hence, 


E 


■p (^) - E 0 (^) | < [(1 + - 1] and \N k ((3) - N k ( 0)| < [(1 + - 1], This 


implies that N k (/3 ) is continuous at 0. Therefore, for d ^ 4 then 

• N k (/3 ) converges uniformly to ZV(/3) when k —» oo, 

• N k (/3) is continuous for every k > 1. 

We deduce that N(/3) is continuous at 0, it means that 

lim = -N{ 0) = \ lim — = -R{ 0). 

p~*o p d a n ->oo n d 


Notice that R n = E 0 (ZV n ) 

For d — 2, /?,(()) = IV(0) = 0, see in [18]. Let a > 0, on one hand, since N k ( 0) decreases to 
IV(0) when k — > oo then there exists fco such that N k ( 0) < a for all k ^ k$. On the other hand, 
N k °(f3) is continuous at 0 then there exists /3 0 > 0 such that \N k °(/3) — IV fco (0)| < a for all f3 < /3 0 . 
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Since N(/3) ^ iV fc °(/3), N(/3) < N k °(/3 ) ^ A^ fc °(0) + a < 2a for all /3 < /3 0 . This implies that 
linig^o N(f3) = N( 0) = 0. Therefore linage —= 0. 

For d = 3, because of lV(/3) ^ N k (/3) for all k > 1 then 


limsup lV(/3) ^ lim limsup N k (j3) = lim N k (0) = —R( 0). 

fc—>oo fc—»oo d 


4 


The proof of Theorem 


1.2 


4.1 The monotonicity of the range of the simple random walk 

Firstly, for the range of the simple random walk, we have a known result as follows (see [25]. 

0 ): ' 

R(P) = Pocflin i >[,„,] 

Then, we obtain: 


(23) 


1 — R(/3) = Poo,^[3n > 0 such that Y n = Y 0 = 0] 

( OO 

= Poo,/3 \ |J [T 2fc = 0 and 0 £ Y [h2k) ] 


.k =1 


= y, Poo,^ { [Y 2 k = o and 0 £ V[i j2 *)]} • 

k =1 


On the other hand, we see that the trajectories with 2k steps {y Q = 0, yi, y 2 ,U 2 k-ii U 2 k — 0} 
start from the origin and return at the origin at the time 2k whose number of jumps to the left 
equal to the number of jumps to right that we denote equal to Gq. Therefore 


(24) 



2k 


From (1231) and d24lh we imply that 1 — R(/3) is decreasing then R(/3) is increasing in j3. 


4.2 The monotonicity of the speed of excited random walk with several 
identical cookies 

To prove the monotonicity of the speed for m-ERW we need the following lemma: 

Lemma 4.1. Let J be an interval of M and {X n {f3)}y & j )n ^the families of positive 
random variables. Under supposition that 

1. for every n, {X n ((3)}is uniformly integrable, 

2. {X((3)}p(zj is uniformly integrable, 
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3. X n (ft) converges in probability to X(ft), uniformly in ft: for every e > 0, 

lim supP(|A 7 " n ( / 5) — X(f3)\ > e) — 0. 

n-H-oo /3e J 

Then, lim re _> +00 sup^gj |E(X n (/3)) - E(X(/?))| = 0 if and only if {X n (/3)} neNi p eJ is uniformly inte¬ 
grate. 

This lemma is proved in the end of [23] , 


4.2.1 Coupling of random walks 

The method coupling is usually used to prove the recurrence or the monotonicity of random 
walks. For example, in [5], the authors coupled an excited random (ERW) walk with a simple 
symmetric random walk to prove the recurrence of ERW. In [2], this method is used to prove the 
monotonicity by coupling tree random walks, two biased random walks with bias respectively ft 
and ft + e on the Galton-Watson tree, a simple random walk with bias ft on Z. In our paper, to 
prove the monotonicity of the speed on [/3 0 ,1] we need to couple the random walk Y of bias ft 0 
with the m-ERW Y of bias ft where ft ^ ft 0 . 

Let a probability space: 

n = (z ^- 1 ) 2 x ({o,i} 3 f 

endowed the product a -algebra T and the product probability 

P = q z <g) p z 


where 

• q is the law of the increments of Z i.e. for e G Z d_1 then qfe) = if \e\ = 1 and q(e) = 0 if 
e = 0, 

• For (x, y, z ) G {0, l} 3 , let p xyz = p[(x, y, z)] such that: 

1 A) ft - fto 1 ~ P a t i. ,4.1 n 

(25) p in = —,Poll = y,Pooi = —-—,Pooo = 2 and for the other cases p xyz = 0. 

Now, we take u> = (■ u,v,l,h ) G 0 with u G (Z d_1 ) Z , ( v,l,h ) G ({0,1} 3 ) Z . Let (0 n ) ne z be the 
canonical shift on 0 and (I n , f n , Cn, C n )nez be the canonical process: 

In{w) = ti n GZ d 1 , £ n ((u) = v n G {0,1} , Crc( w ) = l n G {0,1} , Cn(^) = h n G {0,1} . 

Define Z as follows: 


(h + h + ■■■ + I'm n ^ I, 

(26) Z n = < 0, n = 0, 

\ — (In+l + ... + Iq), n ^ —1 

then ( Z n ) ne z is a symmetric simple random walk on Z d_1 such that Z 0 = 0, a.s. and it does not 
move at every site with probability 4, it jumps from a site to every next site with probability 
X. Let r]i \= 1 Zi =z i+1 - By the construction above (?7i)i>o,(&)^o, (G;)*>o and (CJoo such that 
the random vectors of the sequence are independent, two sequences and 

((A, 0, Ci))iez are independent. On the other hand, the vector {r]i,£i,(iXi) satisfies: 
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• Vi ~ Ber (3) , 6 ~ (i) , Ci ~ 5er ( 4 ^) , 0 ~ 5er (^) and & < C* < Ci- 

• P(& =x,Ci = y,Ci = z) = p xy z where x,y,z G {0,1}. 

Let Z(_ 00 ,n) = < ra}- Denote by {Z„ the event ^ Z(_ 00iTl )} and we say that Z n is 

new. The complement of { Z n is denoted by {Z n g} and we say Z n is old. We then define two 
random walks (Y n ) n ^ 0 and (Y n ) as follows: Let (Y n ) n ^ 0 be a random walk such that Y 0 = 0, a.s., 
the vertical component (Y n -e 2 , Y n -e 3 ,..., Y n -ed ) = Z n . Let {Y n = [#{0 ^ i ^ n,Yi = Y n } ^ m] 
and the complement is denoted by {Y n G™}. The horizontal component X n = Y n ■ e\ satisfies: 

• On the event {Y n then £ n = X n+l - X n = ( 2( n ~ 1)1 z n =z n+1 - 

• On the event {Y n Gl?}, then £ n = X n+l - X n = (2f n - 1)1 z n =z n+1 - 

With the construction above, (Y n ) is a m— ERW with bias /3. Now, we will define the random walk 
{Y^. We set Y 0 = 0 a.s. The vertical component is (Y n ■ e 2 , Y n ■ e 3 ,..., Y n ■ e^) = Z n , n ^ 0. The 
horizontal component is defined as follows: 

• If Z n is new, set £ n = X n+l - X n = (2( n - 1)1 z n =z n+1 , 

• If Z n is old, set £ n A n _|_i X n (2 f n 1) 1 z,, z . :i . 1 ■ 

Note that Y is a random walk with stationary increments. We call this random walk by SIRW. The 
coupling above implies that X n+ \ — X n ^ X n+1 — X n . Hence if (r n ) n ^i are renewal times of Y then 
they are also renewal times of Y. We will use this property to prove the monotonicity of the speed 
of m —ERW when m is large enough. Let T>(ui) = {n G Z, A’’(_ 00)n _i](o;) < X n (u) ^ A"[ rej+0O )(a;)} 
be the set of renewal times and the stationary point process N(u,dk) = J2 n&z d n {dk)l n& Ti{uj)- We 
consider 

W = {co G 0, N(u, (— 00 , 0]) = N{uj, [0, Too)) = 00 }. 

Let {r n } be the sequence of renewal times of the walk { Y n } such that — 00 < ... < r_ 2 < r_ 1 < 
To ^ 0 < T\ < r 2 < ... < Too. By the construction, {y„} satisfies: 

Y n+ i -Y n = Y 1 o 9 n 

Hence, combining with the fact that (O, IP, 9) is ergodic then {Y n } has the speed 

P — a.s., v{/3) = lim — ~-F(Z 0 ^). 
n—too n a 

For O 4 we have v(/3) > 0, using the idea on the estimation of renewal times in [20] . [21 J to get 
that 

Lemma 4.2. Let (Y n ) ne % be a SIRW on 7L d for d ^ 4, with bias f3 G (0,1] fixed and (r k , k G Z) 
is the sequence of the renewal times respectively. Then, there exists C, a > 0 such that for every 
jiGZ, 

supP^Tfc+i - T k \g { 0 k) ] ^ Ce~ na a.s. 
kez 

In particular, for every k G Z et p ^ 1 we have that r k < oop.s and E / g[(r/ c+ i — r k ) p } < 00 . 
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Set D + = {X n ^ 0 for all n ^ 0}, Z?_ = {X n < 0 for all n < 0}, D = D + D _D_ and 9 = 9 r . 
It is similar as for simple random walk with drif /3, we believe that: P(Z) + ) = ci(/3)/3 2 , P(L>_) = 
c 2 (/3)/5 2 where for some positive constants c 0 , c 3 then c 0 ^ Ci(/3), c 2 (/3 ) ^ c 3 . In fact, we do not use 
these properties for the proof of Theorem 11.21 then we do not prove them. To prove Theorem 11.21 
we need one more lemma as follows: 

Lemma 4.3. P(D) > 0 and P(W) = 1. Under P(.) = P(.| D + ,D_) i.e r 0 = 0 the sequence 
{r n+ 1 — r n } ne z is stationary. Morever, the triples (fl, P, 6) and (fl, P, 6) are ergodic systems. 

Proof. The random walk Y has these speeds: 

v(/3) = lim = 4-P(^ 0 i) > 0 and tJ_(/3) = lim = -^.P (Z 0 4) < 0. 

n—»+oo n d n-¥- oo n d 


Using the idea in [20] we get P(D) > 0. Because Y has stationary increments, P(H) > 0 implies 
that P(W) = 1. Now, we prove the remain part of Lemma [4.31 (fl, P, 6) is the standard ergodic 
system. We will prove it also is true for (fl, P, 9). First, we prove that P is invariant under 6. Take 
any set A C W. Without loss of generality, suppose that A C (0 6 D), then we have: 

P (0^A,D) 


9oF(A) = P ^ _1 A) = 

= E 


P (D) 
¥(e^A, n = k,D) 


k>l 


P(H) 
P (D) 


P (D) 

P (H, t _ i = —k, D) 
P(D) 

= P(H). 


Next, we prove that for any set A C W such that 9~ 1 A = A then P(H) = 0 or 1. Indeed, set 
li := (0 6 V) and B := An Cl C W. Note that 0 _1 (fl) = W then 9~ X A = 9~ l B. This in turn 
implies that 9~ 1 B fl Cl — 6~ 1 A nfl = Rnfl = .B. 

We will prove that di 9~ l B = 9~ 1 B. Using the ergodicity of (fl, P, 9), it follows that P (o~ l B 
= 0 or 1, and 


P(H) = 


-l 


A) = p (e^B) = 


p 0-LBnn 


P(fl) 


= 0 or 1. 


Therefore, to finish the proof we only need to prove that 9\ 


9~ X B 


= 9 1 B. Firstly, we show 


that 9\ 


9~ l B 


C 9 1 B. Let x G 9 1 B then 9x G B. If Ti(x) > 1, we have 9(9ix) = 9x G B. 


Hence 9\X G 9 l B. If Ti(x) = 1 then 9ix = 9x G B = 9 l B fl fl. This implies 9ix G 9 1 B. It 


remains to prove that 9 1 B C 9i 


9~ l B 


Take x E 9 1 B then x — 6\ (9- ix) and we will prove 

that 6U ix G 9~ 1 B 9 (9_\x) G B. If x G Cl, then 9 (9_ix) = x G 9~ l B fl Cl = B. If x ^ Cl, then 

9 ( 9-\x ) = 9x G B. Because that the sequence of renewal times of the random walk Y is also for 
Y the m-ERW with bias /3. So, the increments {Y[ Tn}Tn+1 )} ne z are disjoint. Hence 


X. 


T ~ k -\-1 


AT, = X T 


T k 


9 k 
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Y — Y 

yv Tk+i yv r k 


X Tl ° @k ■ 


From the equations above and using the ergodicity of (fl,P, 0), we apply that P—a.s. there exist 
v(f3), v(m, /3) > 0 such that 


v(m, /3) 


X n 

Inn — 

n—»+oo n 


EX r 
E r 


Note that if — converges P — a.s. to v(m,fl ) then it is true for P — a.s. Indeed, there exists a 
set A C D such that P(A) = 1 and for all to G A, —(lo) converges to v. We suppose that there 
exists a subset B C D such that OB C A c . If P(£>) > 0, by B = T = k) then there exists 

k such that P (B,T = k) > 0. This implies that P [9k(B,T = k )] = P (B,T = k) > 0. On the 

other hand [0k(B,T = k)\ C (OB), so P (OB) > 0 and P(A C ) = > 0. This is contradictory 

with the supposition that P(yi) = 1. Therefore, P(£>) = 0. Now, let B = 0~ l (A c ) then B satisfies 
that 0B C A c . This implies that P(T>) = 0 and P(0~ 1 (A)) = 1. For all u G 0” 1 (A) then ^f-(0io) 
converges to v, so —(lo) converges to r. It means that — converges to v almost surely under 
P. " " □ 


4.2.2 Girsanov’s transform 

The couple (Y,Y) takes its values in the space U = (Z d ) Z x (Z d ) N . Consider U* = {(j7j); e z x 
(Vj)je n,Vo = Vo = 0 \£i,Ej G {-1,1} for i G N,zl = and e t = if y t G^}. Denote P m ,/ 3 0)/3 
the law of the couple (Y , Y) and P m ,/ 3 0 „s(-) = P m ,/ 3 0 „s(-| D). Let y = (yi) ie n,y = (y^iez and 
£ = (zi)iez — (Vi ' e 2 , •••, 2/i • ed)iez = (yi • e 2 , •••, yt ■ ed)iez then 


Qn (tR'i ft) (iJ 1 I)) ■ n.+ l Vn+lAn+l Un+l\(Yi %i)i<oA 0 Yq 0 , ...,Y n y n ,Y n y n ] 

1 


d 


1 + A) , 1 1 11 1 _ I II 1 

2 Zn$. £n = £n = 1 '' ^ £n — lj£n —1 ~^ £n = £n = 1 ' ^ £n—£n— 1 '' 


2 iVn ^ C7i— lj£n — 1 ~2 iVn ^— &n — 1 ^ Utl £<y — 1 ^ ^ Un £— 1 ~2 —^' n —^ 


1 

d 


i + /5 0l 1 ( /3-/5 0l 1 1 1 1 1 

2 ry £ n = —\ 1 £ n =\. ^ £ n =£n = —1 ^ ^-£n=£n = l ^ 


A 


z n£,yn^ 1 <' l^n — — — 1 T „ lg: n —£- n —0 


The computation above is explained as follows: for example in the case {z n ^,£ n = e n = 1} we 
have ( n = 1, ( n = 1. Then probability equals p.n = Pm l + Pm — ^ + I since (1251) . 

Moreover, the law of Y does not depend on m, f3 then 


Pm,/Jo,/3[1 0 lo 0, Y n y n , 1,,. y n , 1 n _|_i y n -)-l, l^n -\-k Un+k\ (^i %i)i< o] 

Pm,/3o,/3[l 0 >0 0, ..., Y n y n , F n 7/ n | (Ej ^i)i<o] 

^ Pm,^o,/3[l^«+l l/n+1) l^n+fc 1/n+fcl (^i 1 0 lo 0, ..., Y n y n , Y n y n ) 

Pm,/3o,/3[l o lo 0 , ...,Y n y n ,Y n y n \(Zi o] 

x Pl,/3 0 ,/3 0 [l^n+1 = Vn+li ■■■; l^n+fc = l/n+fcl (^i = %i)i< 0; 1 0 = lo = 0, ..., Y n = y n , Y n = y n ]. 


25 












Therefore, 


^m,(3o,is[^ 0 = = o, Y n = y nl Y n = y n , 1 n+i = y n _|_ 1; 1 n+fc — y n +k\ (Zi = £j)j<o] 

Pi,A»A>[^o = f'o = 0,...,Y n = y n , Y n = y n ,Y n +\ = T/ n _|_i, •••, = J/n+feK^j = ^i)i<o] 

_ E rri,/3o,/3[^ 0 Vb 0) •••) T/ n ; Yi Z/n| (-Y %i)i< o] 

IPi,/3o,/3oo Yo 0, ..., Y n y n , Y n y n \(Zi o] 


n— 1 


= tt qi(m,P)(y,y) 

fj Qi{i,Po){y,y) 


Set 


Qn{m,(3) = q n (m 


We deduce that 


f))(Y, Y),T n = a{(Y,) i€Z , (y m )„ Sm< „}, M„(m, /)) = TT 

i= q Poj 


I 71 / n\ d^m,Po,P i n/f / o\ 

-jj 5 -k = M n {m,P), ~ k = M T (m,P). 

«^l,/3 0 ,/3o «^l,/3 0 ,/3o 


We get the formula of the speed for m—excited random walk Y: 

( o\ _ 9 ^“rn,Po ,) _ /3 ) 

’ d E 1AA (r) ’ 

bk) | /3 f Mo (jV-M T (m,/3)W(m,/3)) 
d ^1,/3o T 


1 Ei i/3o (iV™M r (m, 
m [m ^ ) = d -’- 


E 1,AA 


where 


/ V * ry 

Taking m —* oo, by Lemma ITT! we get that ||(m, /3) converges to ^ 
m tends to infinity. This finishes the proof of Theorem. 


kM r (m, /?) 

r 

M T (m, p) 

to 4 uniformly in /3 G [/3 q, 1] when 
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